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Abstract
Let R be a commutative ring with non-zero identity and let M be a non-zero unitary R-module. The concept of fuzzy
coprimary submodule as a dual notion of fuzzy primary one will be introduced and some of its properties will be
studied. Among other things, the behavior of this concept with respect to fuzzy localization formation and fuzzy
quotient will be examined.
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1 Introduction
Throughout the paper, R is a commutative ring with identity and M is a unitary R-module. The concept of copri-
mary modules and coprimary representation, as a dual of the theory of primary modules and primary decomposition,
was ﬁrst introduced, independently, by Kirby [2] and Macdonad [5]. This concept has led to interesting results and
some more information on the structure of Artinian modules in general (and the structure of local cohomology mod-
ules in particular) over commutative Noetherian rings (see for example [8, 9, 15, 16]). An R-module M is called
coprimary if for each r ∈ R, r / ∈ R(0 :R M) implies that rM = M, where R(0 :R M) denotes the radical of the ideal
(0 :R M).
In the last two decades a considerable amount of works has been done in fuzzifying various concepts and results
of classical ring and module theory. Among them, fuzzy prime and primary ideals(submodules) and fuzzy primary
decomposition of fuzzy ideals(submodules) are of particular signiﬁcance (see for example [1, 3, 4, 6, 7]). Notably,
these have led to bring fuzzy commutative ring theory to a wide studies on fuzzy algebraic varieties and to bear on a
natural application area in the solution of nonlinear systems of fuzzy intersection equations [10, 11, 12]. Nevertheless,
on the author’s based knowledge there is not any theory on the fuzzy version of the coprimary modules. The results
presented in this paper throw a light in this subject and gives a dual of the theory of fuzzy primary modules given in
[7].
In section 2, we present some preliminary and basic results on fuzzy primary and fuzzy coprimary submodules. We
say that a fuzzy submodule µ of M is fuzzy coprimary if for each r ∈ R, 1r ·µ = µ or else 1r ∈ R(1θ : µ). Among
other things, it will be seen in Theorem 2.1 that a fuzzy prime ideal attaches to a fuzzy coprimary submodule. In
section 3, we mainly study the behavior of this concept with respect to fuzzy localization and with fuzzy quotient.
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2 preliminaries
In this auxiliary section, we give some results on fuzzy primary and coprimary submodules. We begin with some
notation and deﬁnitions and for any unexplained notation we refer to the textbook [13].
As usual a fuzzy subset of a non-empty set X is a map η : X → [0,1] =: I. For t ∈ I,
ηt = {x ∈ X|η(x) ≥t},
is the t-cut of η and
η∗ = {x ∈ X|η(x) > 0} = ∪t>0ηt,
is the support of η.
In the next, the set of all fuzzy ideals (resp., fuzzy submodules) of R (resp., of M) will be denoted by FI(R) (resp. by
FS(M)). Recall that whenever ζ ∈ FI(R), then
ζ∗ = {r ∈ R|ζ(r) = ζ(0)},
is an ideal of R. Also, if λ ∈ FS(M), then
λ∗ = {x ∈ X|λ(x) = 1},
is a submodule of M. The zero fuzzy ideal of R (resp., fuzzy submodule of M) is 10 (resp., 1θ).
Deﬁnition 2.1. Let µ ∈ FS(M). We say that µ is a fuzzy coprimary submodule of M if ∀r ∈ R either 1r ·µ = µ, or
∃n ∈ N such that 1rn ·µ = 1θ (or equivalently r ∈ R(1θ : µ))
The zero fuzzy submodule of M, 1θ, is coprimary by deﬁnition, and when R is a ﬁeld every fuzzy subspace of the
vector space M is coprimary.
Recall that, for a fuzzy subset ζ of R and a fuzzy subset λ of the R-module M, the product of ζ and λ, denoted ζ ·λ,
is deﬁned by
(ζ ·λ)(x) =
∨
r∈R,y∈M,x=ry
{ζ(r)∧λ(t)}
for all x ∈ M. In particular, for t,s ∈ I,r ∈ R and x ∈ M
(tr ·λ)(x) =
∨
y∈M,x=ry
{t ∧λ(y)}.
Note that whenever ζ,ξ ∈ FI(R) and λ ∈ FS(M), then ζ ·ξ ∈ FI(R) and (ζ ·λ)∪1θ ∈ FS(M).
Also, for λ,η ∈ FS(M), the fuzzy residual of λ by η, denoted by (λ : η), is deﬁned as
(λ : η)(r) =
∨
{ζ(r)|ζ ·η ⊆ λ} ∀r ∈ R.
By [13, Theorem 4.5.6], (λ : η) ∈ FI(R).
Finally, for ζ ∈ FI(R), the R-radical of ζ, denoted by R(ζ) is deﬁned by
R(ζ)(r) =
∨
n∈N
ζ(rn) ∀r ∈ R,
which is a fuzzy ideal of R containing ζ. The R-radical commutes with ﬁnite intersection of fuzzy ideals.
Lemma 2.1. Let ν ⊂ µ be two fuzzy submodules of M and put
t0 =
∨
{ν(x)|x ∈ M,ν(x) < µ(x)}.
Then for each r ∈ R and each t ∈ (t0,1], tr ·µ ⊆ ν if and only if 1r ·µ ⊆ ν.
International Scientiﬁc Publications and Consulting ServicesJournal of Fuzzy Set Valued Analysis
http://www.ispacs.com/journals/jfsva/2013/jfsva-00185/ Page 3 of 12
Proof. The if implication is clear.
Let t ∈ (t0,1] and 1r ·µ * ν. Then there exists θ ̸= x ∈ M such that
∨
y∈M,x=ry
µ(y) = (1r ·µ)(x) > ν(x).
Thus there exists y ∈ M, with x = ry and µ(y) > ν(x) so that
µ(x) = µ(ry) ≥ µ(y) > ν(x),
and hence t > ν(x). So
(tr ·µ)(x) =
∨
y∈M,x=ry
{t ∧µ(y)} =t ∧(
∨
y∈M,x=ry
µ(y)) > ν(x),
which means that tr ·µ * ν.
Corollary 2.1. Let 1θ ̸= µ ∈FS(M). Then for each a∈R and each t ∈ (0,1], ta ∈ (1θ : µ) if and only if 1a ∈(1θ : µ).
That is ta·µ ⊆ 1θ if and only if 1a·µ ⊆ 1θ. Consequently Im(1θ : µ) = {0,1}.
Proof. In Lemma 2.1, we put ν = 1θ and note that (1θ : µ)(0) = 1 and (1θ : µ)(1) = 0.
Theorem 2.1. Let µ ̸= 1θ be a fuzzy coprimary submodule of M. Then (1θ : µ) is a fuzzy primary ideal of R and so
R(1θ : µ) is a fuzzy prime ideal.
Proof. By Corollary 2.1, (1θ : µ) is a proper fuzzy ideal of R. Now we prove that (1θ : µ) is fuzzy primary. Lett,s∈I
and a,b ∈ R. Let (t∧s)ab =ta·sb ∈ (1θ : µ). If t = 0 or s = 0, then ta ∈ (1θ : µ) or sb ∈ (1θ : µ). So let t ̸= 0 ̸= s and
sb / ∈ R(1θ : µ). This gives that 1b / ∈ R(1θ : µ) and, since µ is fuzzy coprimary, we must have 1b·µ = µ. Hence
1a·µ = 1a·1b·µ = 1ab·µ ⊆ 1θ,
by Corollary 2.1 (note that (t∧s)ab·µ ⊆1θ). This gives thatta ∈(1θ : µ). Therefore (1θ : µ) is a fuzzy primary ideal.
It is now clear that R(1θ : µ) is a fuzzy prime ideal.
Deﬁnition 2.2. Let µ ̸= 1θ be a fuzzy coprimary submodule of M. Following Theorem 2.1, (1θ : µ) is a fuzzy primary
ideal of R, so that ξ = R(1θ : µ) is fuzzy prime. In this case we will say that µ is ξ-fuzzy coprimary.
For the next lemma, we note that for ν,λ ∈ FS(M), (ν : λ)(0) = 1. So (ν : λ)∗ = {r ∈ R|(ν : λ)(r) = 1}.
Lemma 2.2. Let ν,λ ∈ FS(M). Then (ν : λ)∗ ⊆ (ν∗ :R λ∗). In particular (1θ : λ)∗ ⊆ (0 :R λ∗).
Proof. Let r ∈ (ν : λ)∗. Then, as mentioned above, we must have 1r ·λ ⊆ ν. Now, we show that rλ∗ ⊆ ν∗. Suppose
the contrary. Then, there exists θ ̸= x ∈ λ∗ such that rx / ∈ ν∗. Then ν(rx) < 1 and so (1r ·λ)(rx) < 1. But
(1r ·λ)(rx) =
∨
y∈M,rx=ry
λ(y) ≥ λ(x) = 1,
which is a contradiction.
We are not able to ﬁnd some mild conditions that guarantee the equality in the Lemma 2.2.
Let p be a prime ideal of R and N be a nonzero p-coprimary submodule of M. Then it is easy to see that 1N is a
1p-fuzzy coprimary submodule of M. On the other hand, using Lemma 2.2, one can see that for a ξ-fuzzy coprimary
submodule µ of M, if
∨
{µ(x)|x / ∈ µ∗} < 1, then µ∗ is a ξ∗-coprimary submodule of M.
The following theorem is useful dealing with fuzzy prime and fuzzy primary relationship.
Theorem 2.2. Let 1M ̸= λ ∈ FS(M) and let ζ ∈ FI(R). Then ζ is a fuzzy prime ideal of R and λ is ζ-fuzzy primary
submodule if and only if the following two conditions are satisﬁed:
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1. ∀t,s ∈ I,r ∈ R,x ∈ M, if tr ·sx ∈ λ, and sx / ∈ λ, then tr ∈ ζ,
2. ζ ⊆ R(λ : 1M).
Proof. If ζ is fuzzy prime and λ is ζ-fuzzy primary submodule, then clearly (1) and (2) hold.
So assume that (1) and (2) hold. We ﬁrst show that λ∗ ̸= M is a primary submodule of M. To this end, let r ∈ R,x ∈ M
such that rx ∈ λ∗ and that r / ∈ R(λ∗ :R M). Thus 1r ·1x ∈ λ, and using Lemma 2.2, r / ∈ R((λ : 1M)∗) which means
that 1r / ∈ R(λ : 1M). So 1r ·1x ∈ λ, and by (2) 1r / ∈ ζ. Thus by (1), 1x ∈ λ. That is x ∈ λ∗ and so λ∗ is a primary
submodule of M.
Second, since 11·1M = 1M ̸= λ, we have (λ : 1M)(1) ̸= 1 is a prime element in I.
Finally, let t,s ∈ I,r ∈ R,x ∈ M such that tr ·sx ∈ λ and sx / ∈ λ. Then, by (1), tr ∈ ζ and hence by (2) tr ∈ R(λ : 1M).
Consequently, by [13, Theorem 4.6.4], λ is a fuzzy primary submodule of M.
Now we show that ζ is a fuzzy prime ideal. By (2) we have ζ ⊆ R(λ : 1M). Let tr ∈ R(λ : 1M). Then there exists
an smallest n ∈ N such that trn ∈ (λ : 1M). If n = 1, then tr ·1M ⊆ λ. But, since λ ̸= 1M, there exists x ∈ M such that
1x / ∈λ. Sotr·1x ∈tr·1M ⊆λ and by (1) we would havetr ∈ζ. If n>1, it follows by the minimality of n thattrn−1M =
trn−1 ·1M * λ. Thus there exists x ∈ M such that t = trn−1M(rn−1x) > λ(rn−1x). Thus tr ·trn−1x = trn ·1x ∈ trn ·1M ⊆ λ
and, again by (1), we have tr ∈ ζ. So ζ = R(λ : 1M) is a fuzzy prime ideal.
Remark 2.1.
(A) Let ζ ∈ FI(R) and let ν,λ ∈ FS(M) such that ν ⊆ λ. Then ζ ·λ is a fuzzy subset of M and ζ · λ
ν is a fuzzy
subset of λ∗
ν∗, where λ
ν is the fuzzy quotient of λ with respect to ν.
Now assume that ζ ·λ ⊆ ν. We claim that ζ · λ
ν ⊆ 1θ. To see this, let x ∈ λ∗. Then
(ζ ·
λ
ν
)(x+ν∗) =
∨
r∈R,y∈λ∗,x+ν∗=ry+ν∗
{ζ(r)∧
λ
ν
(y+ν∗)}
=
∨
r∈R,y∈λ∗,x+ν∗=ry+ν∗
{ζ(r)∧(
∨
e∈ν∗
λ(y+e))}
=
∨
e∈ν∗,e′∈ν∗
∨
r∈R,y∈λ∗,x+e′=r(y+e)+ν∗
{ζ(r)∧λ(y+e)}
=
∨
e∈ν∗,e′∈ν∗
(ζ ·λ)(x+e′) =
∨
e′∈ν∗
(ζ ·λ)(x+e′)
≤
∨
e′∈ν
ν(x+e′) = 1θ(x+ν∗),
note that for λ∗
ν∗, θ = ν∗.
(B) Now, if ζ · λ
ν ⊆ 1θ, then we have ζ ·λ ⊆ 1ν∗.
To prove this, let x ∈ λ∗. Then
(ζ ·λ)(x) =
∨
r∈R,y∈λ∗,x=ry
{ζ(r)∧λ(y)}
≤
∨
r∈R,y∈λ∗,x+ν∗=ry+ν∗
{ζ(r)∧λ(y)}
≤
∨
r∈R,y∈λ∗,x+ν∗=ry+ν∗
{ζ(r)∧(
∨
e∈ν∗
λ(y+e))}
=
∨
r∈R,y∈λ∗,x+ν∗=r(y+e)+ν∗
{ζ(r)∧
λ
ν
(y+ν∗)}
= (ζ ·
λ
ν
)(x+ν∗) ⊆ 1θ(x+ν∗) = 1ν∗.
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Using Theorem 2.2 and Remark 2.1 we can deduce the following result.
Proposition 2.1. Assume that 1θ ̸= µ ∈FS(M) is ξ =R(1θ : µ)-fuzzy coprimary. Let ν ∈FS(M) be such that ν ⊂ µ
and ν∗ ⊂ µ∗. Then (1ν∗ : 1µ∗) is a ξ-fuzzy primary ideal of R. Furthermore, R(ν : µ) is a fuzzy prime ideal.
Proof. Let t,s ∈ I and a,b ∈ R such that ta ·sb ∈ (1ν∗ : 1µ∗) and ta / ∈ R(1θ : µ) (we may assume t ̸= 0 ̸= s). These
give that ta ·sb ·1µ∗ ⊆ 1ν∗ and 1a ·µ = µ. Thus, by Remark 2.1 (A), we have ta ·sb ·
1µ∗
1ν∗ ⊆ 1θ and, 1a ·1µ∗ = 1µ∗.
Thus ta ·sb ∈ (1θ :
1µ∗
1ν∗ ), which by Corollary 2.1 implies that 1ab ∈ (1θ :
1µ∗
1ν∗ ). Hence 1a ·1b ·
1µ∗
1ν∗ ⊆ 1θ, so that by
Remark 2.1 (B) we deduce that 1a·1b·1µ∗ ⊆ 1(1ν∗)∗ = 1ν∗. Therefore 1b·1µ∗ ⊆ 1ν∗ (note that 1a·1µ∗ = 1µ∗ and so
1b ∈ (1ν∗ : 1µ∗)). Thus sb ∈ (1ν∗ : 1µ∗). It is easy to see that R(1θ : µ) ⊆ R(1ν∗ : 1µ∗). Therefore, by Theorem 2.2,
(1ν∗ : 1µ∗) is ξ-fuzzy primary. Furthermore, it is easy to see that (ν : µ) ⊆ (1ν∗ : 1µ∗). Thus
R(1ν∗ : 1µ∗) = ξ = R(1θ : µ) ⊆ R(ν : µ) ⊆ R(1ν∗ : 1µ∗),
and R(ν : µ) = R(1θ : µ) is a fuzzy primary ideal.
3 Fuzzy coprimary submodules and fuzzy localizations
In this section, our aim is to examine the behavior of fuzzy coprimary property with respect to localization seminal
technique. For this, we recall the following important concepts of commutative algebra that will be used in the sequel.
Let S be a multiplicatively closed subset of R. Then the set
O(S) := {x ∈ M| ∃ s ∈ S such that sx = θ},
(resp.,
o(S) := {r ∈ R| ∃ s ∈ S such that sr = 0})
is a submodule of M, (resp., an ideal of R) so that we can consider M/O(S) (resp., R/o(S)) as a submodule of S−1M
(resp., as a subring of S−1R). Let π : M → M/O(S) =: ¯ M (resp., π : R → R/o(S) =: ¯ R) be the natural epimorphism
x → ¯ x = x+O(S) for all x ∈ M (resp., r → ¯ r = r+o(S) for all r ∈ R).
For a fuzzy submodule µ of M we deﬁne the fuzzy subset S−1µ of S−1M as
(S−1µ)(y/s) = ∨{t ∈ I|¯ y/s ∈ S−1(π(µ)t)},
for y ∈ M and s ∈ S.
The following theorem and its corollary are important in the proof of Theorem 3.3.
Theorem 3.1. Let the notation be as above. Then, S−1µ is a fuzzy R-submodule of S−1M such that for each x ∈ M
and each s,u ∈ S,
(S−1µ)(x/1) = (S−1µ)(x/s) = (S−1µ)(ux/1).
So we can also consider S−1µ as a fuzzy submodule of S−1R-module S−1M. Furthermore, if µ has the sup property,
then
(t⟨r/1⟩·S−1µ)a = S−1((t⟨r⟩·µ)a)
for all a,t ∈ I and all r ∈ R, where ⟨r⟩ (resp., ⟨r/1⟩) is the ideal of R (resp., S−1R) generated by r (resp. r/1).
Proof.
We will check three conditions in the deﬁnition of a fuzzy submodule.
1. Since π(µ)(θ) = 1, thus θ = θ/1 ∈ S−1((π(µ))1). So (S−1µ)(θ) = 1.
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2. For y,z ∈ M and s,u ∈ S, if ¯ y/s = ¯ z/u, with π(µ)(¯ z) ≥ t, then certainly π(µ)( ¯ rz) ≥ t and r¯ y/s = r¯ z/u, for all
r ∈ R. Thus if r ∈ R and y/s ∈ S−1M, then
(S−1µ)(ry/s) = ∨{t ∈ I|r¯ y/s ∈ (S−1(π(µ))t)}
≥ ∨{t ∈ I|¯ y/s ∈ (S−1(π(µ))t)} = (S−1µ)(y/s).
3. Let x,y ∈ M and s,u ∈ S. We want to show that
(S−1µ)(x/s+y/u) ≥ (S−1µ)(x/s)∧(S−1µ)(y/u).
Assume that
(S−1µ)(x/s) =
∨
{t ∈ I|¯ x/s ∈ S−1(π(µ)t)}
≤
∨
{t ∈ I|¯ y/u ∈ S−1(π(µ)t)} = (S−1µ)(y/u).
This means that corresponding each x1 ∈ M and each s1 ∈ S satisfying ¯ x/s = ¯ x1/s1 with π(µ)( ¯ x1) ≥t, there exits y1 ∈
M and u1 ∈S satisfying ¯ y/u= ¯ y1/u1 with π(µ)( ¯ y1)≥t. It means that ¯ x/s+ ¯ y/u= ¯ x1/s1+ ¯ y1/u1 =(u1 ¯ x1+s1 ¯ y1)/s1u1,
where π(µ)(u1 ¯ x1+s1 ¯ y1) ≥t. This gives that
(S−1µ)(x/s+y/u) ≥ (S−1µ)(x/s).
Therefore S−1µ is a fuzzy R-submodule of S−1M.
Now, it is easy to see that
(S−1µ)(x/1) = (S−1µ)(x/s) = (S−1µ)(ux/1),
for all x ∈ M and s,u ∈ S. Consequently,
(S−1µ)((r/u).(x/s)) = (S−1µ)(rx/us) ≥ (S−1µ)(x/us) = (S−1µ)(x/s).
So S−1µ is an S−1R-fuzzy submodule of S−1M.
International Scientiﬁc Publications and Consulting ServicesJournal of Fuzzy Set Valued Analysis
http://www.ispacs.com/journals/jfsva/2013/jfsva-00185/ Page 7 of 12
Now, let x/1 ∈ (t⟨r/1⟩·S−1µ)a. Then
a ≤ (t⟨r/1⟩·S−1µ)(x/1)
=
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|¯ y/1 ∈ S−1(π(µ)l)})
=
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃z ∈ M,∃u ∈ S, ¯ y/1 = ¯ z/u,¯ z ∈ π(µ)l})}
=
∨
r′∈R,s′,s∈S,y∈M,
x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃z ∈ M,∃u,v ∈ S,vu¯ y = v¯ z,
∨
e∈O(S)
µ(z+e) ≥ l})}
≤
∨
r′∈R,s′,s∈S,y∈M,
x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃z ∈ M,∃u,v ∈ S,vu¯ y = v¯ z,
∨
e∈O(S)
µ(vz+ve) ≥ l})}
=
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃u,v ∈ S,
∨
e′∈O(S)
µ(vuy+e′) ≥ l})}
≤
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃u,v ∈ S,
∨
e′∈O(S)
µ(u(e′)vuy+u(e′)e′) ≥ l})}
(where u(e′) ∈ S is such that u(e′)e′ = θ.)
=
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃u,v ∈ S,
∨
e′∈O(S)
µ(u(e′)vuy) ≥ l})}
=
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧(
∨
{l ∈ I|∃u,v ∈ S,∃e′ ∈ O(S),µ(u(e′)vuy) ≥ l})}
(since µ has the sup property).
⇒ a ≤
∨
r′∈R,s′,s∈S,y∈M,x/1=r′ry/ss′
{t ∧µ(u(e′)vuy)}, (♮)
Since x/1 = r′ry/ss′ iff ∃w ∈ S such that wss′x = wr′ry, and we have
µ(wu(e′)vuy) ≥ µ(u(e′)vuy),
and
wss′u(e′)vux = r′rwu(e′)vuy,
then from (♮) we deduce that
a ≤ (t⟨r⟩·µ)(wss′u(e′)uvx).
That is wss′u(e′)uvx ∈ (t⟨r⟩·µ)a, which means that x/1 ∈ S−1((t⟨r⟩·µ)a). Therefore,
(t⟨r/1⟩·S−1µ)a ⊆ S−1((t⟨r⟩·µ)a).
For the reverse inclusion, ﬁrst let y ∈ M and µ(y) ≥ a. Then
π(µ)(¯ y) =
∨
e∈O(S)
{µ(y+e)} ≥ a.
This gives that ¯ y/1 ∈ S−1(π(µ)a). So
(S−1µ)(y/1) =
∨
{t ∈ I|¯ y/1 ∈ S−1(π(µ)t)} ≥ a.
Therefore
(S−1µ)(y/1) ≥ µ(y), for all y ∈ M. (§)
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Now, let x/1 ∈ S−1((t⟨r⟩·µ)a). Then there exists s ∈ S such that sx ∈ (t⟨r⟩·µ)a. This means that
a ≤ (t⟨r⟩·µ)(sx) =
∨
r′∈R,y∈M,sx=r′ry
{t ∧µ(y)}
≤
∨
r′,s′∈R,y∈M,sx/s′=r′ry/s′
{t ∧(S−1µ)(y/1)} by (§),
= (t⟨r/1⟩·S−1µ)(x/s′) = (t⟨r/1⟩·S−1µ)(x/1).
So x/1 ∈ (t⟨r/1⟩·S−1µ)a and the proof is complete.
For convenience, we present the following special result of the above theorem.
Corollary 3.1. Let µ ∈ FS(M) and S be a multiplicatively closed subset of R. If µ has the sup property, then
1. (S−1µ)a = S−1(µa) for all a ∈ I.
2. (S−1µ)(x/1) ≥ a iff ∃s ∈ S (depends on a,x) such that µ(sx) ≥ a. In particular ∃s ∈ S such that µ(sx) ≥
(S−1µ)(x/1).
Proof.
(1) In the ﬁnal part of Theorem 3.1, put t = 1 ∈ I and r = 1 ∈ R.
(2) follows from part (1).
Theorem 3.2. The fuzzy submodules of S−1M are extended, i.e., for each fuzzy S−1R-submodule ϕ of S−1M, there
exists a fuzzy R-submodule µ of M such that ϕ = S−1µ.
Proof. Let f :M →S−1M be the natural homomorphism x→x/1. We prove that ϕ =S−1(f−1(ϕ)). Note that ∀x∈M
and s,u ∈ S, ϕ(x/s) = ϕ(x/1) = ϕ(ux/1), and that f−1(ϕ) is a fuzzy submodule of M. Now let a ∈ I,x ∈ M. Then
ax/1 ∈ S−1(f−1(ϕ)) ⇔ (S−1(f−1(ϕ)))(x/1) ≥ a
⇔
∨
{t ∈ I|¯ x/1 ∈ S−1(π(f−1(ϕ))t)} ≥ a
⇔
∨
{t ∈ I|∃¯ z ∈ ¯ M,s ∈ S, ¯ x/1 = ¯ z/s,π(f−1(ϕ))(¯ z) ≥t} ≥ a
⇔
∨
{t ∈ I|∃¯ z ∈ ¯ M,s ∈ S, ¯ x/1 = ¯ z/s,
∨
e∈O(S)
{f−1(ϕ)(z+e)} ≥t} ≥ a
⇔
∨
{t ∈ I|∃¯ z ∈ ¯ M,s ∈ S, ¯ x/1 = ¯ z/s,
∨
e∈O(S)
{ϕ((z+e)/1)} ≥t} ≥ a
⇔
∨
{t ∈ I|∃¯ z ∈ ¯ M,s ∈ S, ¯ x/1 = ¯ z/s,ϕ(z/1) ≥t} ≥ a
(note that for e ∈ O(S),e/1 = θ ∈ S−1M),
⇔
∨
{t ∈ I|ϕ(x/1) ≥t} ≥ a
⇔ ϕ(x/1) ≥ a ⇔ ax/1 ∈ ϕ.
The following proposition is a counterpart of Lemma 2.2.
Proposition 3.1. Let 1θ ̸= µ ∈ FS(M) and let ξ ∈ FI(R). Then, ξ is a fuzzy prime ideal of R and µ is ξ-fuzzy
coprimary, if and only if,
1. r ∈ R and 1r ·µ ̸= µ implies 1r ∈ ξ, and
2. ξ ⊆ R(1θ : µ).
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Proof. If µ is ξ-fuzzy coprimary, then ξ = R(1θ : µ) and, by deﬁnition, r ∈ R, 1r / ∈ ξ implies 1r ·µ = µ. So (1) and
(2) are immediate.
Conversely, suppose (1) and (2) hold. Let r ∈ R be such that 1r / ∈ R(1θ : µ); then 1r / ∈ ξ by (2) and 1r ·µ = µ by (1).
So µ is coprimary by our deﬁnition. Next consider r ∈ R such that tr / ∈ ξ. Then 1r / ∈ ξ and 1r ·µ = µ by (1), which
gives that 1rn ·µ * 1θ for all n ∈ N (since µ is coprimary). Thus by Corollary 3.1, trn ·µ * 1θ, i.e., tr / ∈ R(1θ : µ).
Therefore R(1θ : µ) ⊆ ξ, which together with (2) shows that µ is ξ-fuzzy coprimary.
The following theorem examine the behavior of the fuzzy coprimary property with respect to localization. To state
and prove it we need one more notation.
For a multiplicatively closed subset S of R and for a fuzzy submodule µ of M, we put
S(µ) :=
∩
s∈S
(1s·µ).
Evidently, S(µ) ∈ FS(M) and S(µ) ⊆ µ.
Theorem 3.3. Assume that f : M → S−1M is the natural homomorphism x → x/1 for all x ∈ M. Let µ be a ξ-fuzzy
coprimary submodule of M. The following are hold.
1. If S meets ξ∗, then S−1µ = 1θ.
2. If S∩ξ∗ = / 0, then ∀s ∈ S,1s·µ = µ, and so S(µ) = µ.
3. If µ has the sup property, then either S−1µ = 1θ or S−1µ is an S−1ξ-fuzzy coprimary submodule with R(1θ :
S−1µ) = S−1ξ.
Proof.
(1) Since S∩ξ∗ ̸= / 0, ∃s ∈ S and n ∈ N such that 1sn ·µ ⊆ 1θ. This means that, for all θ ̸= z ∈ M,
0 = (1sn ·µ)(z) =
∨
y∈M,z=sny
µ(y).
Thus,
∀θ ̸= z ∈ M and ∀θ ̸= y ∈ M, with z = sny, we have µ(y) = 0. (♭)
Now, let t ∈ I,u ∈ S, and θ ̸= x/1 ∈ S−1M. Then,
π(µ)(usn¯ x) =
∨
e∈O(S)
{µ(usnx+e)} ≤
∨
e∈O(S)
{µ(s(e)usnx+s(e)e)}
(where s(e) ∈ S is such that s(e)e = θ)
=
∨
e∈O(S)
{µ(s(e)usnx)} = 0
by the above observation (♭), (note that s(e)us2nx = sn(s(e)usnx)). So,
(S−1µ)(x/1) = (S−1µ)(snx/1)
=
∨
{t ∈ I|sn¯ x/1 ∈ S−1(π(µ)t)}
=
∨
{t ∈ I|∃u ∈ S with usn¯ x ∈ π(µ)t} = 0,
and the proof of this part is complete.
(2) Is clear.
(3) Suppose that S−1µ ̸= 1θ (so Im(1θ : S−1µ) = {0,1} by Corollary 2.1). Note that, by a similar argument as in the
last part of Theorem 3.1, we have
(1r/1·S−1µ)a = S−1((1r ·µ)a), (‡)
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for all a ∈ I and r ∈ R. Using this fact together with Corollary 3.1(2), we deduce that
1r/1·S−1µ = S−1(1r ·µ),
for all r ∈ R. So if r ∈ R, we have 1r ·µ = µ if and only if 1r/1·S−1µ = S−1µ (note that S−11θ = 1θ). Consequently,
since for r ∈ R and s ∈ S, 1r/s·S−1µ = 1r/1·S−1µ, thus S−1µ must be a fuzzy coprimary submodule. It is now clear
that S−1ξ = R(1θ : S−1µ). In fact for t ∈ (0,1] and r ∈ R,
tr/1 ∈ S−1(R(1θ : µ)) ⇔ r/1 ∈ S−1(R(1θ : µ))t
⇔ r/1 ∈ S−1(R(1θ : µ)t) by the ring version of Theorem 3.1,
⇔ sr ∈ R(1θ : µ)t for some s ∈ S
⇔tsr ∈ R(1θ : µ) ⇔ 1sr ∈ R(1θ : µ) by Corollary 2.1,
⇔ 1sr/1 ∈ R(1θ : S−1µ) ⇔tsr/1 ∈ R(1θ : S−1µ) by (‡) and Corollary 2.1.
The R-module X is said to be torsion free, if for each 0 ̸= x ∈ X,(0 :R x) = 0.
Proposition 3.2. Let f : M → N be a monomorphism of non-zero R-modules such that N/Im(f) is a torsion free
R-module. If µ is a ξ-fuzzy coprimary submodule of M, then so is f(µ).
Proof.
1) Clearly f(µ) ̸= 1θ. Now let r ∈ R and 1r ·µ = µ. We show that 1r · f(µ) = f(µ). To do so, if y / ∈ Im(f), then
(1r · f(µ))(y) =
∨
z∈N,z/ ∈Im(f),y=rz
f(µ)(z) = 0 = f(µ)(y).
If y = f(x) ∈ Im(f), then
(1r · f(µ)(f(x)) =
∨
z∈N,f(x)=rz
f(µ)(z) =
∨
x1∈M,f(x)=f(rx1)
f(µ)(f(x1))
=
∨
x1∈M,x=rx1
µ(x1) = (1r·)µ(x) = µ(x) = f(µ)(f(x)),
where in the second equality we use the torsion freeness of N/Im(f).
On the other hand, by a similar argument, we can see that if 1r ·µ = 1θ, then 1r · f(µ) = 1θ. So f(µ) must be a
ξ-fuzzy coprimary submodule of N.
We close the paper with the following theorem which examines the fuzzy coprimary property in the fuzzy quotient
modules.
Theorem 3.4. Let µ and η be two ξ-fuzzy coprimary submodules of M. Then
(1) µ +η is a ξ-fuzzy coprimary submodule.
(2) Let ν ∈ FS(M) be such that ν ⊂ µ and ν∗ ⊂ µ∗. Then the the fuzzy quotient submodule
µ
ν is ξ-fuzzy coprimary.
Proof.
(1) Clearly µ +η ̸= 1θ. Let r ∈ R. Assume that 1r ·µ = µ, and 1r ·η = η. Then clearly 1r ·(µ +η) = µ +η. On
the other, suppose that there exists m,n ∈ N with 1rm ·µ = 1θ and 1rn ·η = 1θ. Then evidently 1rm+n ·(µ +η) = 1θ.
These give that (µ +ν) is a ξ-fuzzy coprimary submodule.
(2) Evidently (
µ
ν )(ν∗) = 1 and for θ ̸= x ∈ µ∗\ν∗,
(
µ
ν
)(x+ν∗) =
∨
e∈ν∗
µ(x+e) ≥ µ(x) ̸= 0,
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which means that (
µ
ν ) ̸= 1θ.
Let r ∈ R. Suppose that 1r ·µ = µ. We show that 1r ·
µ
ν =
µ
ν . Let x ∈ µ∗. Then
(1r ·
µ
ν
)(x+ν∗) =
∨
x−ry∈ν∗
µ
ν
(y+ν∗)
=
∨
x−ry∈ν∗
∨
e∈ν∗
µ(y+e)
=
∨
e∈ν∗
∨
x−ry∈ν∗
µ(y+e)
=
∨
e∈ν∗,e′∈ν∗
∨
x+e′=r(y+e)
µ(y+e)
=
∨
e∈ν∗,e′∈ν∗
(1r ·µ)(x+e′)
=
∨
e∈ν∗,e′∈ν∗
{µ(x+e′)} =
∨
e∈ν∗
µ
ν
(x+ν∗)
=
µ
ν
(x+ν∗).
On the other hand, assume that ∃n ∈ N such that 1rn ·µ ⊆ 1θ. Then, by [13, Theorem 4.5.5 (1)], and noting that
ζ ·µ ⊆ 1θ we imply ζ ·
µ
ν ⊆ 1θ (see Remark 2.1 (A)). Therefore, we have
(1θ :
µ
ν
)(rn) =
∨
{ζ(rn)|ζ ∈ FI(R),ζ ·
µ
ν
⊆ 1θ}
≥
∨
{ζ(rn)|ζ ∈ FI(R),ζ ·µ ⊆ 1θ} ≥ 1rn(rn) = 1.
This means that 1rn ∈ (1θ :
µ
ν ) and thus
µ
ν is a ξ-fuzzy coprimary submodule.
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